Abstract. Hierarchical structured models for scramble and contest intraspecific competition are derived. The dynamical consequences of the two modes of competition are studied under the assumption that both populations divide up the same amount of a limiting resource at equal population levels. A comparison of equilibrium levels and their resiliences is made in order to determine which mode of competition is more advantageous. It is found that the concavity of the resource uptake rate is an important determining factor. Under certain circumstances contest competition is more advantageous for a population while under other circumstances scramble competition is more advantageous.
Introduction
One way density dependent regulation of population growth can occur is through intra-specific competition for limited resources. By affecting the amount of resource available and therefore consumed by an individual organism, such competition can have a significant effect on the individual's vital growth, fertility, and survival rates. This in turn can have a determining effect on the population's dynamics.
The types of interactions between individuals in a population can be diverse, ranging over all those familiar in the study of interspecific interactions and more [32] . In particular, biologists distinguish a variety of different types of intra-specific competition, including contest, scramble, exploitative, and interference. Because they lack underlying submodels for vital physiological characteristics of individual organisms, classical differential equations for population level statistics (such as total population size or density, biomass, dry weight etc.) are generally too qualitative to give an adequate accounting of intra-specific competition. As a result, these kinds of model equations cannot describe differing types of competitive interactions and compare and contrast their dynamical consequences for the population.
Structured population dynamics provide a modeling methodology that bridges the gap between the level of the individual organism and that of the total population. Such models classify members of the population according to relevant physiological characteristics (such as chronological age, body size or weight, life cycle stages, genetic or biochemical composition, etc.) and provide submodels for class specific vital rates. Two broad types of models have been widely used: discrete and continuous models. Both types have been used to study a variety of types of intra-specific interactions, including juvenile versus adult competition [12-15, 4-6, 25, 29] ; cannibalism [1, 3, 7, 8, 11, 18, 19, 21, 33] ; and contest versus scramble competition [22, 23, 9, 10] .
In this paper we will use a class of continuous structured models to study intra-specific competition. In particular, we are interested in comparing the dynamical consequences of two opposed types of competition, contest and scramble, in order to see under what circumstance one type might be more ''advantageous'' for a population than the other, according to a specified criterion. This question is one of the main issues in the book by Lomnicki [22] . After pointing out the confused state of affairs with regard to the meanings of ''scramble'' and ''contest'' competition as they are used in the literature, Lomnicki provides a clear definition of these terms and studies their dynamical consequences by means of simple discrete model equations. One of his main conclusions is that contest competition is more advantageous to a population. This question was considered in [9] and [10] using more sophisticated, continuous age-and size-structured models. The results in these papers support Lomnicki's conclusion, in so far as equilibrium level and resilience criteria are concerned.
We have several purposes in this paper. Our main goal is to study further the comparison between contest and scramble intra-specific competition and to address the robustness of Lomnicki's tenet that contest competition is generally more advantageous. There are many ways in which a particular type of intra-specific competition might be considered ''advantageous'' or ''disadvantageous'' to a population. In this regard most references in the literature study the stability versus instability of a positive equilibrium. For example, see [22] [23] [24] 27] . We, on the other hand, will study the effct that the competition type has on equilibrium levels and resilience. (In fact, in our general class of models below, the positive equilibrium is always globally stable.)
While we take the approach in [9] and [10] , we modify and generalize significant aspects of the models used in these papers. Instead of comparing contest to scramble by means of a homotopy models that connects one to the other, as in [9] and [10] , we use here a comparison criterion based upon the total amount of limiting resource available to the populations. Thus, we compare scramble and contest populations that divide up the same total amounts of the limiting resource (given identical population sizes). We also allow for nonlinear resource uptake rates (such as Holling type II and III), as opposed to the less realistic linear (Volterra type) uptake rates used in [22] , [9] and [10] . As we will see, the concavity of the uptake rate, as a function of available resource, plays a significant role in the sense that it can reverse the comparative advantages of the contest and scramble modes of competition.
Continuous structured models involve complicated nonlinear integropartial differential equations, often with nonlinear integro-boundary conditions, and therefore are generally difficult to analyze mathematically. For this reason simplifying assumptions are necessary. One approach taken by many authors has been to study classes of models that can mathematically be reduced, by means of some trick or other, to more tractable equations, such as ordinary differential equations or integral equations. Examples include socalled ''separable equations'' [28, 2] , ''linear chain trickery'' [17, 26] , and ''hierarchically structured'' models [9, 10] . The latter type of models are particularly useful for studying contest and scramble competition because the definitions of these modes of competition involve a hierarchical ranking within the population [22] . Hierarchically age-structured models have been rigorously shown to have total population size dynamics governed by a decoupled ordinary differential equation [9] . This makes tractable the study of the global asymptotic dynamics of the kinds of nonlinear integro-differential equations described above. This is the approach taken in this paper. In Sect. 2 the basic hierarchical model equations will be described and in Sect. 3 the intra-specific scramble and contest models are derived. The global asymptotic dynamics of the two types of models are described and compared, with regard to equilibrium levels and resilience, in Sect. 4 for both the case of a constant resource and a dynamically varying resource. Proofs of the results appear in the appendices.
The model
The continuous age structured model is formulated by means of the balance equation
where (t, a) is the per unit age density of organisms of age a'0 at time t'0 and 70 is the per capita death rate [26, 31] . Births are accounted for by the boundary condition
where 70 is the per capita birth rate. The model is completed by the prescription of an initial age distribution (a)70 and the requirement that
In general, the vital rates and are functions of time t and age a. For density regulated populations they are also dependent on the distribution function , usually by means of a linear functional of . In the simplest density-dependent models and depend on total population size [16] 
P(t)"
(t, a) da .
Models involving more general weighted functions of were studied in [30] . A special kind of functional dependence of and on appropriate for age-specific hierarchies was introduced in [9] , specifically
, where
In these so-called ''age hierarchical'' models the vital rates and depend on time t, the number ½(t, a) of individuals younger than age a, and the number O(t, a) of individuals older than age a (but do not otherwise depend explicitly on age a). This includes a possible dependence on total population size
P(t)"½ (t, a)#O(t, a) .
In [9] the existence and uniqueness of solutions of the nonlinear model equations (1)- (4) is rigorously addressed. In addition, it is shown in [9] that the dynamics of total population size P(t) are governed by a scalar ordinary differential equation. This ordinary differential equation can be heuristically derived as follows. Under suitable conditions of smoothness, equation (1) can be written as
Using the facts that P"½#O and
one finds that
These identities and an integration of the partial differential equation from a"0 to a"R lead to the equation
together with the initial condition
where
The study of the asymptotic dynamics of age hierarchical models is thus reduced to that of the scalar ordinary differential equation (5).
Intra-specific competition
In this section we will devise and study age hierarchical models in order to study two different modes of intra-specific competition for limiting resources, namely scramble and contest. The goal is to compare some of the dynamical consequences of these two modes of competition and to see in what sense one mode might be more advantageous to a population than the other. Let R denote the amount of a limiting resource available to the population. Let c3[0, 1] denote the fraction of this amount that is available to an individual. In the presence of competition this fraction is dependent in some way on population density. We will consider model equations in which c"c (½, O) is a function of the functionals ½ and O. For such a case
is the resource available to an individual of age a at time t. The competition coefficient c is assumed to satisfy the condition .
c(z, P!z) dz61
so that the total resource available to the whole population is less than R, i.e.
Rc(½(t, a), O(t, a)) (t, a) da"
.
Rc(z, P!z) dz6R .
We assume the birth rate is proportional to a resource uptake rate
The death rate is assumed to be constant:
We wish to compare the dynamics of scramble competition with those of contest intra-specific competition. To do this we construct models for each of two populations which are assumed to be identical in every way except in their mode of intra-specific competition, one of which is scramble and the other of which is contest. In so doing we utilize Lomnicki's definitions of scramble and contest competition [22] . According to this definition scramble competition occurs when every individual (potentially) affects the amount of resource available to any other individual in the population. On the other hand, contest competition occurs when no individual of age less than a can affect the amount of resource available to an individual of age a. This leads us to assume in our model for scramble competition that the resource available to individuals is a function of the total population size P, whereas the resource available to individuals of age a in our contest model is a function of the total number O of individuals older than age a.
We consider competition coefficients c"c(x) that satisfy the general conditions
and denote the scramble competition coefficient by c Q "c Q (x) and the contest competition coefficient by c A "c A (x). The resource uptake rates for the scramble and contest populations are given by
where u satisfies (6). We have assumed the functions u, c Q , and c A (and hence u Q and u A ) do not explicitly depend on age a. Therefore, in the case of scramble competition all individuals in our model consume (per unit time) equal portions of resource, while in the case of contest competition all individuals in the same age class consume (per unit time) equal portions of resource.
In order to insure an appropriate comparison between the scramble and contest populations we impose the criterion that both modes of competition divide up the same amount of resource (for a given density distribution ). This requires a relationship between the competition coefficients c Q and c A which is derivable from the equation
If R is independent of age a, it follows from this criterion that
Thus, given a competition coefficient function
for the contest population (where c satisfies (7)), we consider, for comparison purposes, the competition coefficient function c Q for the scramble population defined by (8) .
For example, the pair
satisfies the ''comparison criterion'' (8) . In this example, every individual in the scramble population has available the same share R/(1#P) of the resource and thus has an uptake rate of u(R/(1#P)) units of resource per unit time.
With these submodels for birth and death rates the models for both the scramble and contest populations are of the hierarchical form discussed in the previous section. The asymptotic dynamics of the models are therefore governed by scalar ordinary differential equations for total population size P. Specifically, the dynamics of the scramble and contest populations are determined by the equations
Defining the number
n" u(R)
, we normalize the model equations as
Contest: P" n u(R)
The number n is the ''inherent net reproductive number''. It is the expected number of offspring per individual per life time at low population densities.
Results
In this section we will compare some general conclusions about the dynamics implied by the scramble and contest models (9) and (10). We do this first for the case when the resource level R is constant in time.
Constant R
When R is constant the following theorem is proved in the Appendix for both equations (9) and (10):
, then the trivial equilibrium P"0 is unstable and there exists a unique positive equilibrium P which is globally asymptotically stable.
For n'1 denote the equilibria of equations (9) and (10) 
Rc(z) dz
for all P'0. At the scramble and contest equilibria P Q and P A we have
Since both 1
are decreasing functions of P, it follows that P A (P Q . A similar argument shows that if u'0 on (0, R), then P Q (P A .
This theorem asserts that a concave down u implies the scramble population has a larger equilibrium, while a concave up u implies the contest population has a larger equilibrium.
For example, if u is a Holling II hyperbolic functional response (and hence always concave down), the scramble population will have the larger equilibrium.
An S-shaped Holling III type functional response u has a change of concavity. In this case u will be concave up on (0, R) for sufficiently low values of resource R and so the contest population will have the larger equilibrium.
On the other hand, for large values of R the response functional u changes concavity from up to down on the interval (0, R). In this case, the following example illustrates that it is possible for the scramble population to have the larger equilibrium for sufficiently large R. If we take u(R)" R k#R and c (z)" 1 (1#z) then the scramble equilibrium is given by
The contest equilibrium is a root of the equation
dw Therefore, 0(P A 6m(R for some constant m'0. It follows that 0(P A (P Q for sufficiently large R. Thus, with respect to equilibria levels, an S-shaped uptake rate implies contest competition is more advantageous for low resource levels, while scramble competition can be more advantageous for high resource levels.
Comparison of equilibrium resilience
We next compare the resilience of the scramble and contest equilibria. If a population is perturbed away from equilibrium by P, then the resilience is the magnitude of the linearized eigenvalue
evaluated at the equilibrium. If Q and A denote the resilience dP/dP of the scramble and contest populations, respectively, at their equilibria P Q and P A , then a straightforward calculation shows that
We must therefore compare linearization of u at P\ Q . Q Rc(z) dz evaluated at Rc(P Q ) with the value of u at Rc( P A ). The proof of the following theorem is indicated in the Appendix.
Theorem 3.¸et n'1. If u(R)(0, then A
( Q whenever n is sufficiently close to 1. If u(R)'0, then Q ( A whenever n is sufficiently close to 1.
Since the positive equilibria P Q and P A are asymptotically stable, we know that Q (0 and A (0. Therefore, this theorem asserts that, when n is close to 1, a concave down u implies the contest population is more resilient, while a concave up u implies the scramble population is more resilient.
If greater resilience and larger equilibrium levels are considered advantageous, then Theorems 2 and 3 imply a trade off with regard to which competitive mode, scramble or contest, is more advantageous. The resilience criterion gives roughly opposite conclusions from the equilibria level criterion, at least for n close to 1.
Comparison of asymptotic age distributions
So far we have compared scramble and contest competition by using total numbers of individuals in a population. It is also reasonable to ask how the mode of competition affects the stationary age distributions at the positive equilibria P"P Q and P"P A . In general,
(t, a)"B(t!a, P(t!a))
;exp ! ?
(t!a# , ½ (t!a# , ), O(t!a# , )) d
for t'a [20] . At equilibrium we have B(P)"D(P)" P and therefore lim R (t, a)" Pe\B ? .
The scramble and contest stationary age distributions are therefore P Q e\B ? and P A e\B ?
respectively. This shows that for the models considered here whatever relationship is borne between the scramble P Q and contest P A total population levels also holds for every age class.
Dynamic R
We now consider a model in which R is not constant in time as was the case in the previous models. Specifically, in the absence of consumption by individuals of the biological population, it is assumed the dynamics of R are governed by an equation R"I(R) where I(R) models an influx of R into the environment. In the presence of the population, the dynamics of R are governed by an equation of the form
R(t)"I(R)!F (R, P) ,
where F (R, P) describes the resource consumption rate. We will examine the prototypical example I(R)"r(R !R) for which, in the absence of consumption by the population, R will equilibrate to a level R '0. The coefficient r is a measure of the rate at which this equilibration takes place.
Rescaling resource units and time we can, without loss in generality, assume that I(R)"1!R. We then arrive the following two models for scramble and contest competition respectively:
The proof of the following theorem is outlined in the Appendix for both models, where the net reproduction number is defined to be n" u(1)/ : In order to compare the positive equilibrium levels P Q and P A for the scramble and contest populations, we note that both
are decreasing functions of P on the interval (0, n/u (1)) (see the Appendix). Moreover, by Jensen's Inequality (as proved in the Appendix), the first expression is the larger for all P3(0, n/u(1)) when u ( · ) is concave down on (0, 1) and the second is the larger when u( · ) is concave up on (0, 1). Since at equilibrium
we have the same result obained for the case of constant R:
A corollary of this result is that the mode of intra-specific competition which results in the larger population equilibrium also exploits the resource to the lower equilibrium level.
Generalizations and further modifications
In general, one might ask if the original partial differential equation model can be reduced to an ordinary differential equation when the hierarchy is based on some variable other than age. In the following, we indicate the procedure for a hierarchy based on size m of the individual. For related details see [9, 8, 10, 34] .
In this case, the structured partial differential equation model is
is the growth rate along characteristics of the mass variable m. We assume the competition coefficient c"c(t, S,¸) for an individual of mass m depends on S, the total biomass of individuals of smaller size, and¸, the total biomass of indivduals of larger size, where
If we assume that the birth and growth rates are proportional to body size and are functions of S and¸ (t, m, )"mb(t, S,¸) (t, m, )"mg(t, S,¸) , then an ordinary differential equation for total population biomass
can be obtained by multiplying the partial differential equation (11) (and lim K (m g)"0) this integration results in the scalar ordinary differential equation
P(t)"B(t, P)#G(t, P)!D(t, P)
for the total biomass P with the initial condition
The scalar equation (12), which contains an added term G(t, P) that accounts for growth, can be compared to the corresponding equation (5) for age-structured populations (in which only birth and death rates appear). If, following the modeling methodology above for the age-structured case, we assume that both (per unit size) birth and growth rates are proportional to resource uptake
and that the death rate is a constant '0, then the equation (12) for total population biomass P takes exactly the same form as those studied above for the age-structured case (with replaced now by m @ # ). We conclude that all of our results concerning the comparison between scramble and contest competitive modes remain valid for this size-structured model.
Concluding remarks
Utilizing the definitions of scramble and contest competition in [22] we derived models for the dynamics of populations practicing these types of intra-specific competition from the hierarchical models of the form (1)- (4) . From the results of [9] and the comparison criterion (8) , the scalar ordinary differential equations (10) and (9) for the dynamics of total population sizes of the scramble and contest populations were obtained. Conclusions concerning the comparative advantages and disadvantages of these two modes of competition can therefore be drawn from a study of the asymptotic dynamics of these two equations. Both models predict population extinction if the inherent net reproductive number n is less than 1 and population survival (in the form of a globally asymptotically stable positive equilibrium) if n is greater than 1.
With regard to the relative sizes of positive equilibria (when n'1) the concavity of the resource uptake rate u, as a function of the available resource, is a crucial factor. If u is concave down then the scramble population will have the larger equilibrium. This occurs, for example, with Holling type II (or Michaelis-Menton) uptake rates. This case is in disagreement with Lomincki's tenet that contest competition is more advantageous to the population. If, however, u is concave up then the reverse is true, namely the contest population will have the larger equilibrium, in agreement with Lominicki's tenet. This case occurs, for example, with a Holling type III resource uptake rate at ''low'' resource availability rates. These conclusions were shown to remain valid for a dynamically varying resource R.
A comparison between scramble and contest competition was made with respect to the resilience of the equilibrium, at least for n'1 values not too large. Here it is again found that the concavity of the uptake rate u is important. However, the opposite conclusions are reached from those reached when the equilibrium level is used to make the comparison. Namely, if u is concave down then the contest population is more resilient (although it has the smaller equilibrium size), in agreement with Lominicki's tenet, while the reverse is true if u is concave up and resource levels are low.
The conclusions above were shown to remain valid for a general class of size-structured, continuous population models (as opposed to age-structured). Discrete hierarchical models are studied in [35] . In this reference it is shown that the dynamics of total population size, in analogy to (5) , are governed by a one dimensional map. This methodology is used to study several applications, including the kinds of competition interactions studied in this paper.
We conclude that the general tenet that contest competition is more advantageous than scramble competition needs to be carefully qualified. First of all there is the rather obvious warning that the meaning of ''advantageous'' must be made clear and how the comparison is to be made must be specified. Furthermore, as we have seen, certain nonlinear details can be a determining factor in the comparison. In our case, this was the resource uptake rate. Other factors might prove to be important in other models. For example, we ignored in this paper the effects of the resource competition on individual survival rates. What role such nonlinearities might play in comparing the two modes of competition remains to be studied. 
u(Rc(z)) dz
both approach u(R) as PP0, approach 0 as PPR, and decrease monotonically in P. Therefore, for each model, if n(1, P"0 if and only if P"0, and P(0 for all P'0. Furthermore, if n'1, then for each model there is a unique positive equilibrium P , and P(0 whenever P'P and P'0 whenever 0(P(P .
A.2 Proof of a Jensen-type inequlity
The following theorem is a form Jensen's Inequality: 
for all x 3 (0, c).
with the strict inequality holding everywhere except at x"y.
with the strict inequality holding everywhere except at the unique y 3 (0, x) where
Integration with respect to y of both sides of the inequality yields the conclusion. The analogous theorem with the inequalities reversed can be similarly proved.
A.3 Proof of Theorem 3
It is sufficient to compare
Rc(z) dz
and I A "u (Rc(P A )) .
When n"1, P Q "P A "0 and I Q "u(R), so for n sufficiently close to 1, I Q '0. Thus,
is well-defined and is a continuous function of n. Expanding P Q (n), P A (n), c(P A (n)), and Q(n) in a Taylor series about n"1, we find Q(n)!Rc(P A (n))+ 1 2 !u(R) (u(R)) 3(u(R)) (n!1) to second order. If u(R)(0, then Rc(P A )(Q when n is sufficiently close to 1 and so I A "u (Rc(P A ))(u(Q)" I Q .
If u(R)'0, then Q(Rc(P A ) when n is sufficiently close to 1 and so I A "u (Q)(u(Rc(P A ))" I Q .
A.4 Proof of Theorem 4
As in [9] one can prove that solutions to both models are bounded by showing each triangle 06R6k, 06P6 (k!R) is positively invariant for k'max +1, 1/ ,. Each model has an axis equilibrium (1, 0). Any interior equilibria must satisfy the equations 
it follows that f A is monotonically decreasing in P on the interval (0, n/u (1)). Thus, each model has an interior equilibrium if and only if n'1, and this equilibrium is unique.
A straightforward linearlized stability analysis for each model shows the axis equilibrium (R, P)"(1, 0) is stable when n(1 and is a saddle when n'1, with its stable manifold on the R axis. In the latter case, the HartmanGrobman Theorem implies (1, 0) cannot be contained in the -limit set of a positive orbit. An application of the Dulac-Bendixson Theorem (with factor 1/P) to each model shows there are no closed orbits. By Poincare-Bendixson theory the -limit set of any positive orbit must in fact be the interior equilibrium.
